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Abstract 

In this work we consider the Neumann problem for the Laplace op- 
erator and we prove an existence result in the Holder spaces and obtain 
Schauder estimates. According to our knowledge this result is not explic- 
itly proved in the several works devoted to the Schauder theory, where 
similar theorems are proved in detail for the Dirichlet and oblique deriva- 
tive problems. Our contribution is to make explicit the existence and the 
estimate for the Neumann problem. 



1 Introduction 

Let n be an C^'"-domain of M^. We consider the following problem 

r Aw = / inn 
1 -— = n on dfl 

with / G C^'"(ri) and g € C^'"(ri). The aim of this paper is to prove an 
existence result in C^'"(r2) for this problem and an estimate of the form 

Ikllc^.^ <C(||/||c",c + ||.g||c^,=). 

In the 1930s, this kind of estimates has been used by Schauder and Caccioppoli 
to prove an existence result in C^'"(ri) for the Dirichlet problem for an elliptic 
equation ([7]: Theorem 6.8 p. 100; [S]: Theorem 1.3 p. 107). Using the same 
technique, in the 1950s, Fiorenza proved a similar estimate and an existence 
result in C^'"(ri) for the oblique derivative problem 

du 

l(x)u + ■m{x)— ~ g on dfl {Im > on dft) 

for elliptic equations (|7j: Theorem 6.31, p.l28; i8j: Theorem 3.1, p.l26). 

Unfortunately the hypothesis I ^ can not be removed in the proof of the 
existence result and the Schauder estimate for the oblique derivative problem 
([7]: Theorem 6.31, p. 128). Moreover, reading this proof, we can verify that it 
is not even possible to get the result for the Neumann problem taking the limit 
I 0. 
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So the case of the Neumann problem needs to be considered independently 
and, according to our knowledge, it is not explicitly present in the classical 
litterature on the subject (see for instance |7], [S]) where the Dirichlet and 
oblique derivative problem are studied in detail. 

The main goal of this work is to formalize the existence result and a Schauder 
estimate for the Neumann problem for the Poisson's equation. 

Our main contribution is the following result (Theorems 12.11 and 13. ip : 

Theorem. Let a G (0,1) and n be a C"^ "" -domain. Let f £ C"'"(II) and 
g e Ci'"(II) such that 




Then there exists a solution u G C^'"(r2) (unique up to an additive constant) to 
the problem 

Am = / in 

— = g on oil 
on 

Moreover, every solution to this problem verifies the following estimate 

<C(||/||c".» + ||5l|ci,=), 

With C = C{n,N,a). 

The starting point of the proof is the alternative theorem for the oblique 
derivative problem for an uniformly elliptic operator L with coefficients in 
C*''"(S1) and c < (Theorem 14. ip . This allows us to prove an existence (unique- 
ness is given up to a constant) result for the Neumann problem for elliptic 
operators with c < (Theorem 14. 2p . Afterwords, using Theorem 14.21 and the 
Fredholm alternative, we can prove the existence and uniqueness of the solution 
to our initial problem in the class of functions belonging to C^'"(ri) and having 
null average (Theorem 12. ip . 

Concerning the estimate we are led to estimate the quantity w — jij J u 
instead of u, because the solution to the Neumann problem, if there exists, is 
unique up to a constant. We give three proofs of this result (Theorem 13. ip . 

We finally obtain, for the Neumann problem, similar results to those for the 
Dirichlet and oblique derivative boundary conditions. 

As already said, the theorem is well known to all specialists of elliptic partial 
differential equations. However, after discussion with several of them, we were 
not able to find a precise reference for such a result, specially the one concerning 
the estimate. 

This paper is organized as follows. In Section |5] we prove an existence theo- 
rem for the Neumann problem for the Poisson's equation (Theorem 12. ip . In 
Section |3] we prove the estimate (Theorem 13. ip . In Section |4] we remind some 
useful results to prove the existence theorem. 

We adopt the same notation and definitions than in ^ . We refer to [12j for 
a more detailed analysis of the problem. 
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2 Existence of solutions to the Neumann problem 
for the Poisson's equation in C^'"(0) 

In this section we consider the Poisson's equation with Neumann boundary 

condition and we prove the following result: 

Theorem 2.1. Let U be a C^^" -domain and let f € C°'"(n),5 e C^'°'{n) such 
that: 

' 9- (1) 



Then the problem 



^ dn 

admits a unique solution in the class 



Au = f inCl 

du _ (2) 

— = g on oil 



We prove two preliminary lemmas. 

Lemma 2.2. Let f2c be a C^-domain and let u G C^(r2). We suppose that 
there exists p e dfl such that: 

= rnaxu (rninw) and Du{p)=0. 

n n 

then Au{p) < (> 0). 

Proof: Up to a rotation and a translation, we can suppose that p is the 
origin of a orthonormal system of K^. Moreover, as ils C^, we assume that 
there exists a ball B = B{p, R) such that for every ej belonging to the canonical 
basis, we have —rci G ft for every < r < R. 

Partial derivatives verify 

Duu{p) = hm = hm < 0, 

h->-o- h h->-o- h 

because Du{p) = and, for /i < small we have Diu{p + /le,) > 0. 
If p is a minimum point the proof is similar. □ 

Lemma 2.3. Let fl cR^ be a C^-domain and f e C°'"{Q). Let u G C'^'"{n) 
be a solution to the problem 




then 

Mco < ll/llco. 
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Proof: Let p be such that \u{p)\ = maxf^\u\. We consider separately the 
following cases: p e and p G dfl. 

p G $1. Let p be a niaxiniuni point for u then u{p) > and Au(ji) < 0. As 
Au — u = f we get f{p) = Au{p) — u{p) < Au{p) < 0. Thus 

\\u\\co = u{p) = Au{p) - f{p) < -f{p) < ll/llco. 

If p is a minimum point for u {u{p) < 0) the proof is similar. 

p € dfl. If p is a maximum point for u then p is a maximum point for u^qq. So, 

for every tangent vector t to dfl at p we have: 

and, using the hypothesis 

£<^'^»' 

we get Du{p) ~ 0. Thanks to the previous lemma we have Au{p) < and, as 
Au — u = / on dfl, the lemma ensues. We can use the same arguments if p is 
a minimum point for u. □ 

Now, we can show the existence theorem for the Neumann problem for the 
Laplace operator: 

Proof of Theorem 12.11 By Theorem 14.21 there exists an unique solution 
in C2'"(n) , denoted by ^f,g], to the problem: 

{Au ^ u = f in 
■TT- = g on oil 
on 

for every /, g verifying the compatibility condition ([T]) . Moreover 

u= / Au- //^ / ^- f 5 = 0. (3) 
so Z[f,g] e 'rf. Defining 

L Jn Jon 

we have that % : ^ is a well defined bijective operator. 
Now, we consider the following equation: 

u-Z[-u,0]^Z[f,g]. (4) 

Then u G ^ is a solution to the problem (|2]) if and only if it is a solution of 
(HI), because: 

(/, g) = S-i(u - 3:[-u, 0]) - 3:-iu + (u, 0) = (^Au, . 

Then, we need to show that for every (/, g) Cz there exists an unique solution 
u g of (UJ. As S is bijective we are led to prove that, for every v G the 
equation 

u-3:[-u,0]=u (5) 
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admits an unique solution on . For that we use the Fredholm alternative 
theorem. 

We consider the space 

equipped with the norm of C'''"(ri). Let T be the operator: 

T : ^ ^, 

T/ = 3:[-/,0]. 
Using the properties of 3^, we get: 

T(^) C (6) 

We firstly show that T is a compact operator. Let {/fc} C ^ then, because 
of Theorem 221 and there exists {itfe} C 'lo such that T/^ = Uk and, because 
of Theorem 6.30 in [7 (p. 127), we have 

Ikfcllc^,. <C(||M!co,= + ||ufe||co). 

So, using the previous Lemma, we get: 

Ikfellc^- <C|l/fe||c",- 

If {/fc} is a bounded sequence of ^ then {ufc} is bounded in C^'"(ri) and in 
T/F^'°°(f2). Thus there exists a subsequence {w/t^} and a function w G W'^''°°(^ 
such that 

Ufc^ ^ M, in 

so, for every p > 1 

Wfc^ u, in VF^'P. 

iV 

Now, choosing < P < N, Rellich-Kondrachov implies that 

2 — a 

Uk^ ^ u in C°'°'{Ti) 

which proves that T is compact. 

Now, equation ((SJ can be rewritten as 



u — Tu = V. (7) 



u — Tu = 



The equation 
is equivalent to the problem 

f Au = in 
^ on 

which, in admits only the trivial solution u — 0. 

Then, as T is compact, applying to © the Fredholm alternative we have 
that for every v ^ ^ there exists an unique solution m G of (jT)) and the 
theorem ensues. □ 



5 



Remark 2.4. If u & ^S' is a solution to the problem ^ then for every k E M. 
the function u + k is also a solution to ^ in C^'"(ri) (but not in '^). 
On the other hand, if u is a solution to ^ in C^'"(0) we can obtain a solution 
in setting 

1 



Then, using Theorem \2.1\ we have a existence and uniqueness (up to an additive 
constant) result for the problem in C^'"(r2). 

3 Schauder estimate 

We prove an estimate of ||u||c2,o in terms of ||/||co.°i llffllci " for solutions to 
problem 1^. In particular, as the uniqueness of the solution is proved up to an 
additive constant, we prove the estimate for a solution with null average. 
We state the following theorem of which we give three proofs: 

Theorem 3.1. Let n be a C"^^"" -domain and f £ C'^^°'(n),g e Ci'"(II) such that 



f= 9- 

n Jan 

Let u e C^'"{Ti) be a solution to 0. Then 

<cm\co^^ + \\9\M. 



1 

W\ 



u 
n 



with C = C{n,N,a). 



The first proof of Theorem 13.11 has been suggested to us by A. Adimurthy 
who attributed it to Jacques-Louis Lions. However we did not find any reference 
for such a proof, which is detailed in the following. 

First proof of Theorem 13.11 Let u £ C^'"(ri) be a solution to such 
that 1^ u = . By Theorem 6.30 in [7 (p. 127), we have the following 
estimate for u 

Mc^.. < a, N){\\u\\co + ||/||co,c + \\g\\c^..) (8) 

and we are interested in proving that: 

h||c^,= < C2(r!,a,iV)(||/||ca,= + ||.g||ci."). (9) 

Let us suppose that © is false. Then for every fc G N there exists {uk} £ 
C2'«(n) and {fk} e C°'"(n), {gk} G Ci'"(n) such that 

(10) 
(11) 

\\uk\\c-,c. = 1 (12) 
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\\uk\\c-..>k{\\fk\\co.^ + \\gk\\c^.^) (13) 

thus /fe in C"'"(n) and 5^ -> in C^^'^iTi). 

Using (fT^ we have that for every multi-index /3, = 0,1,2, {D^Ufc} is 
uniformly bounded in C'^{fl) and equicontinuous because 

|i?^Ufe(a;) - D^ukiy)\ < \x - y]" Vx, y G 17, V|/3| = 2 

which implies that 

|i?'^ufe(x)-i?'^ufc(y)| <C(fl)|a;-yr Vx, y G f), V|/3| = 0, 1. 
Iterating the Ascoli-Arzela theorem we get a subsequence {wfc^ } such that 



which implies 
Then 



Uk^ ua in C°(f7), 

Dl'uk.^up in V/3,|/3| - 1,2, 



Auo = lim Aufe^ = lim /^^ = 

h h 



(14) 
(15) 



duo _ -^.^ t^Mfc^ 
9n h dn 



h 



and 



Alio =0 in J7 
dug 

dn 



on dn 



which implies uq = 0. Comparing with ([5]), we get a contradiction because 
1 = WukJc^.. < C^{n,a,N){\\ukJco + Il/fcj|c«.= + \\9kJM ^ 0. 

□ 

For the second proof of Theorem 13 . 1 1 we need two more lemmas. The first 
one states an estimate in L^(i7) for u — J^u: 

Lemma 3.2. Let n be a C'^'"' -domain and f G C'^^°'{Ti), g G C'^^°'{Ti) such that 

1 Jdn 



Let u G C2-"(f2) be a solution to Then 



\n\ 



<C^(ll/llco.= + ll5llc-), 



L2 



with C = C{n,N). 
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Proof: We can suppose /f^ « = 0. Integrating by parts we have 

/ \Du\^^ f ug- f uf 
Jn Jdn Jn 

and using the Young inequahty with £ > we get 

[\Du\'<[ \u9\+ I \uf\<e I \u\' + ^[ \g\^+e [ \u\' + ^ [ \f\ 
Jn Jdn Jn Jan Jan Jn Jo 

Now, we have 

<Ci(ri)||w||^i,2 Vuew^^\n)ncm; 



2 

CO.. 



I on 

so 

/ \Du\' < eC^mWuWl,,.. + C,{n,s) [llffll^,,. + ll/lli.] 
Jn 

and, as M £ using the Poincare Inequahty. we get 

/ \Du\' < eC4{n,N)\\Du\\l,+C5{n,e) + 
Jn 

Choosing e < 1/C4{ft, N) and using Poincare Inequahty we have 

Ml^ < Ce{n,N)\\DuU^ <C{\\g\\ci.^ + ||/||co,=) , 

with c = C{n,N). □ 

The second lemma proves a local estimate for solution of Poisson's equation: 

Lemma 3.3. Let fl be a domain o/M^. Let f G LP(f2) with p > N/2 and 
u G C^(f2) a solution of Au — f in il. Then, for every ball B(y,2R) CZ fl we 
have 

R^~Ml^B{v,2R)) + \\f\\Lv{n) , 

With C = C{N,p). 

(cf: Serrin ]1 Theorem 1 p. 255 and Theorem 2 p. 259). 

Following N. Fusco's idea, we can now give the second proof of Theorem 13. II 
Second proof of Theorem 13.11 We can suppose fny /o = 0- 
estimate for supgj^ I'^l- As 17 is a C^'"-domain, for every e small enough we have 

(a; - en{x)) G Vx G Sfi 

and, by Lagrange Theorem, for every x G dO, there exists r = T(x,e) G (0,1) 
such that 

u{x — en{x)) — u{x) + (Du{x — Ten{x)), ~en{x)) . 

Defining fi^ = {x G dist(a;, 917) > e} and taking the supremum for x G dfl 
in the previous relationship we get: 

sup |u| < sup |u| + esup (16) 
on n^ n 
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Let R < e/2. We consider a finite cover of fi^, denoted by {B{yi, R)}f£i{ with 
M = M(e, n))] as / G C°{Ti) then / e L'^+^ln) and by LemmaOwe have 

M 

SUp|w|<V sup |U| < MCi(7V) (i?-^||u|U2(B(^.2^)) +i?2-«TT||/||^„^,(^) 

which iniphes 

sup|m| <C2(£,l),iV)(||ii|U2 + ||/|U«+i). (17) 

By Theorem 3.7 in [7] (p. 36) and ([TO)) , we have 

sup \u\ < sup + £sup \Du\ + C3(0) sup I/I 
SI He n n 

and, by (fTf)) . we get 

sup |u| < C2(e, n, N) {\\u\\l2 + ||/|U«+i) + esup \Du\ + C^m sup |/|. 
SI n n 



Using Lemma [3.21 we get 

sup \u\ < Ci{e, n, A^)(||/||co.'> + llsllci-) + e\\u\\c2.. 
n 

and. by Theorem 6.30 in |7 (p. 127), we have 

ll^illc^- <C5(Af,f^,a,e)(||/||co,= + ||.g||ci.")+eC6(A^,r!,a)||M||c=.= . 

Choosing e < l/CQ{N,n,a) the theorem ensues. □ 

We give now the third proof of Theorem 13.11 which proves the result if fl is 
convex. We thank R. Gianni, who gave us some ideas for this proof. 

Third proof of Theorem 13.11 il convex: We can suppose J^u = 0. 
Because of estimate given by Theorem 6.30 in |7 (p. 127), we just need to prove 
an estimate for ||u||(70 in terms of ||/||(70.a and ||g||(7i,Q. 

Let M — maxjy|u| and p € H. such that \u{p)\ = M. We suppose M > 
(ll/llc° " + Il5llci °)i otherwise there is nothing to prove. By Theorem 6.30 in 
[7] (p. 127), we have 

\\Du\\co < C^{N, a, f^)(||/||co.= + ||3llci.» + hllc) = K. (18) 
Let us choose a constant ro such that 



2dist(p,ai7) ifpeil 

2p iipe on 



where, if p G dft, p is the radius of the biggest ball B included in VI and such 
that p G dB (note that B exists because Q, G C^). 
Now, we can prove that, for every r, we have 

|u| > M - rK, in B{p, r) n n. 

Actually, as Q, is convex , for every a; G i?(p, r) n we have 

u{x) - u{p) = / ^u{p + t{x - p)) = I {Du{p + t{x - p)), x-p) 
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so 

\u{x)\ > \u{p) \ - Kr^ M - Kr. 
Choosing r < min{l/4Ci, tq}. for every x G B{p, r) D fl, we have: 

\u{x)\ > M - rK = (1 - rC,)M - rCi (||/||co,. + \\g\M > 
>^M-rC^{\\f\\co.. + \\g\\c^..). 

Then, as M > (||/||co- + Mc^.^), we get 

3M M 
\u{x)\ > — - CirM > — Vx G B{p, r) D n 

and, denoting by luj^ the measure of the unit ball of M^, we get 
1/2 / . \ 1/2 



M < ( / , |2 I < |, I 



2 2^/2 



B(p,r)nn 



Then, by Lemma 13.21 we can state 

JV + 2 _ iV 

hiico < V 2(r),iV)(||/||co.. + ||<?||ci,= ) 

which implies 

ll^llc- <C(||/||co.. + ||5llci^"), 
with C = C(r2,7V,a). □ 

4 Appendix: a preliminary result 

In this section we remind some result used in Section (5] We refer to [7| (p. 130) 
for the following alternative result for the oblique derivative problem: 

Theorem 4.1. Let fl be a C^'"-domain. Let L be an elliptic operator, which is 
uniformly elliptic in VL and with C'^'°'(fl)- coefficients. Let l,m ^ C^'°'{fl) such 
that m ^ for every x G dfl. Then exactly one of the following holds: 

L the homogeneous problem 

{Lu = in Q, 
l{x)u + m{x)— — on do, 

admits nontrivial solutions; 

2. homogeneous problem has only the trivial solution, in which case for every 
f G C°'"(n),.g G Ci'"(n) there exists a solution u G C2'"(n) to the 
inhomogeneous problem 

{Lu = f in D, 
Ou 
l{x)u + m{x)— — g on dfl 



10 



We can now prove the following theorem: 

Theorem 4.2. Let Q be C^'°' -domain. Then for every f G C^'°'{Q),g £ 
C^'"(r2) there exists an unique solution u G C'^'"(ri) to the problem 




Proof: The problem 

{Au — u = in il 
^ = on 
on 

admits only the trivial solution. Using point 2 of Theorem 14. li the result ensues. 

□ 
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